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This paper is part of our ongoing study of the structure of co-compact
irreducible lattices in the product of two regular trees, see [BM00], [BM00b],
[BMZ09], [Rat04], [BM14]. The specific result obtained here, see Corollary 0.2,
is motivated by the following question: Let Td = (V,E) be the d-regular tree,
F < Symd a permutation group on d letters and U(F ) < Aut Td the universal
group attached to it; see [BM00], for definitions and properties. When is U(F )
the closure of the projection of a co-compact lattice Γ < U(F )×G, where G is
locally compact, compactly generated? Work of D. Rattaggi (using [BM00b])
implies that this is so when F = A2n is the alternating group with 2n ≥ 6,
or F = M12 is the 12-Matthieu group, or F = ASL3(2) is the special affine
group on F32; in addition there are co-compact lattices in U(A2n) × U(A2m)
with dense projections for n ≥ 13, m ≥ 9.
Our starting observation is that if Γ < U(F ) × G is a co-compact lattice
with G as above, then any compact open subgroup of U(F ) is topologically
finitely generated. Our main result gives a characterization of the permutation
groups F for which this property holds. In fact, this result will follow from
a similar result concerning the finite generation of iterated wreath products.
More precisely, let D be a finite set and L < Sym(D) a permutation group.
Let Ln := L ≀ · · · ≀L be the n’th iterated wreath product of L acting on D, and
L∞ := lim
←
Ln the projective limit. Note that L∞ has a natural action on the
rooted tree whose vertices are labeled by words over D (the root is the empty
word).
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Theorem 0.1. The profinite group L∞ is topologically finitely generated if and
only if the two following conditions are satisfied:
a) L is perfect.
b) Every L-orbit in D has at least two elements.
If these conditions are satisfied, then L∞ is positively finitely generated.
This result was announced in [Moz98]. A version of the proof was written
up in the thesis of O. Amann [Ama03] following a manuscript by the authors.
The proof presented here substantially simplifies the original one.
Applied to our situation, let F1 = StabF (1), and D = {2, . . . , d}. Then
for every m ≥ 1, the pointwise stabilizer in U(F ) of the ball or radius m ≥ 1
centered at any vertex is a finite direct product of (F1)∞ = limn(F1 ≀ · · · ≀ F1)
to which our theorem applies and gives
Corollary 0.2. The profinite group obtained by considering the stabilizer in
U(F ) of a vertex is topologically finitely generated if and only if the following
two conditions are satisfied:
a) F1 is perfect.
b) Any F1 orbit in {2, . . . , d} has at least two elements.
Moreover, when those conditions are satisfied, any compact open subgroup of
U(F ) is positively finitely generated.
Recall that a compact group K is positively finitely generated if for some
ℓ ≥ 1, the Haar measure of the subset of ℓ-tuples in Kℓ generating a dense sub-
group of K is positive. For background information concerning this property,
we refer to [Man96]. The question of finite generation of various infinite iter-
ated wreath products was considered by several authors. See [Bha94], [Qui06],
[Qui04], [Bon10], [Van15]. All these works consider wreath products of transi-
tive group actions.
Now we shortly discuss the necessity of the conditions in Theorem 0.1 and
to that end we start by fixing some notations used throughout this article.
The permutation groups Ln acting on Sn := D
n are defined inductively by
L1 = L < Sym(D) and Ln+1 = Ln ⋉ L
Sn where an element in Ln+1 is a pair
(x, f), f : Sn → L a map, and the product structure reads (x1, f1)(x2, f2) =
(x1x2, f
x2
1 f2), and f
x2(w) = f(x2w). The action of Ln+1 on Sn×D is given by
(x, f)(v, j) = (x(v), f(v)j).
Now we show the necessity of the two conditions.
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a) If π: L→ A is an abelian quotient of L, then
Ln ⋉ L
Sn −→ A
(x, f) 7−→
∏
v∈Sn
π
(
f(v)
)
is a surjective homomorphism; by induction this implies that An is a
quotient of Ln and hence L∞ admits A
N as quotient. Thus, if L is not
perfect, L∞ is not topologically finitely generated.
b) If j ∈ D is L-fixed, then (j, . . . , j) ∈ Sn is Ln-fixed and
∏
v∈Sn
v 6=(j,...,j)
L
is a normal subgroup of Ln+1 = Ln ⋉ L
Sn with quotient Ln × L. By
recurrence this implies that Ln is a quotient of Ln and hence L
N of L∞.
But if L 6= (e), the LN is not topologically finitely generated and hence
L∞ not as well.
The plan of the paper is the following: the proof of the converse of Theorem
0.1 follows a strategy devised by Bhattacharjee in [Bha94]. Namely, if pk(G)
denotes the probability for a k-tuple to generate the finite group G, we show
that under the hypothesis of Theorem 0.1, limn pk(Ln) > 0 for some k. For this
we use a result of Bhattacharjee (see [Bha94]), which we recall below, relating
pk(Ln+1) to pk(Ln) modulo a multiplication factor (1− ζLn+1/Ln(k− 1)) which
is defined in terms of the conjugacy classes of maximal subgroups of Ln+1
surjecting onto Ln. The main work consists then in classifying these conjugacy
classes.
1 A result of M. Bhattacharjee
We recall for the convenience of the reader the following:
Proposition 1.1. ([Bha94]) Let π: Y → X be a surjective homomorphism of
finite groups and k ≥ 1. Then
pk(Y ) ≥
(
1−
∑
[M ]∈G(Y |X)
1
[Y :M ]k−1
)
pk(X)
where the sum is over the set G(Y |X) of Y -conjugacy classes of proper maximal
subgroups of Y surjecting onto X.
Proof. We have pk(Y ) = pk(Y |X) pk(X), where pk(Y |X) is the probability for
a k-tuple to generate Y given that its image in X generates X . Then
pk(Y |X) = 1− qk(Y |X)
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where qk(Y |X) is the probability of the opposite event. Observing that a non-
generating k-tuple is always contained in a proper maximal subgroup M < Y ,
we obtain:
qk(Y |X) ≤
∑
MY maximal
|M |k
|Y |k
=
∑
[M ]∈G(Y |X)
[Y : NY (M)] ·
|M |k
|Y |k
≤
∑
[M ]∈G(Y |X)
1
[Y :M ]k−1
.
Denoting by ζY |X(s) =
∑
[M ]∈G(Y |X)
1
[Y ·M ]s
, we conclude:
Corollary 1.2. Assume that for some k1 ≥ 2,
∑∞
k=1 ζLn+1/Ln(k1 − 1) < +∞.
Let n1 be such that ζLn1+1/Ln1 (k1 − 1) < 1 and let k2 ≥ 2 be such that Ln1
is generated by k2 elements. Then L∞ = lim
←
Ln is positively k-generated for
k ≥ max(k1, k2).
Proof. For every k ≥ k1 we have (Proposition 1.1)
lim
n→∞
pk(Ln) ≥
∏
n≥n1
(
1− ζLn+1/Ln(k − 1)
)
· pk(Ln1).
Now observe that∏
n≥n1
(
1− ζLn+1/Ln(k − 1)
)
≥
∏
n≥n1
(
1− ζLn+1/Ln(k1 − 1)
)
> 0
and conclude by choosing k ≥ max(k1, k2).
2 Maximal subgroups in wreath products
Let X be a finite group, Ω1, . . . ,Ωt transitive (non-empty) X-sets, t ≥ 1 and
B1, . . . , Bt non-trivial perfect groups; these will be our standing assumptions
throughout this section. Let Y = X ⋉ (BΩ11 × · · · × B
Ωt
t ) be the semi-direct
product, where the action of X is by permuting factors, and π: Y → X the
projection map.
Definition 2.1. A standard normal subgroup of Y is a subgroup of the form
t∏
i=1
NΩii
where Ni ⊳ Bi
4
Observe that every subgroup M < Y contains a unique maximal standard
normal subgroup of Y .
Definition 2.2. A subgroup M < Y is clean if it contains no non-trivial
standard normal subgroup.
The following proposition summarizes the ingredients needed in the proof of
Theorem 0.1; this proposition is a corollary of more precise statements proven
in this section.
Proposition 2.3. Let M < Y be a clean, proper, maximal subgroup such that
π(M) = X.
Then one of the following holds:
1) t = 2, B1, B2 are non-abelian simple and
(a) M ∩ (BΩ11 × B
Ω2
2 ) is the graph of an isomorphism B
Ω1
1 → B
Ω2
2 .
(b) M = NY (M ∩ (B
Ω1
1 ×B
Ω2
2 )).
In particular, there are at most |Ω1| · |Out(B1)| conjugacy classes of such
subgroups, and [Y :M ] ≥ |B1||Ω1|.
2) t = 1, M ∩ BΩ 6= (e) and prw(M ∩ BΩ) = B for all w ∈ B. There
is a normal subgroup U ⊳ B which is a product U = T r where T is
non-abelian simple. Moreover,
(a) M ∩ UΩ is a product of subdiagonals of T r·Ω corresponding to an
X-invariant block decomposition of r · Ω.
(b) M = NY (M ∩ UΩ).
(c) For any given X-invariant block decomposition of r ·Ω there are at
most |Out(T )|r|Ω| conjugacy classes of such subgroups.
(d) There are most (2|Ω|)r−1arΩ such block decompositions of r ·Ω where
aΩ is the number of X-invariant block decompositions of Ω.
(e) [Y : M ] ≥ |T |
r·|Ω|
2 = |U |
|Ω|
2 .
3) t = 1, M ∩BΩ 6= (e) and prω(M ∩BΩ) is a proper subgroup of B. Up to
conjugation prω(M ∩ BΩ) = T for all ω ∈ Ω,
M = NY (T
Ω)
and [Y :M ] ≥ [B : T ]|Ω|.
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4) t = 1, M ∩ BΩ = e.
Now we state and prove several lemmas which together will imply the above
proposition. We recall that we will work under the above standing assumptions
on the objects X,B1, . . . , Bt, Ω1, . . . ,Ωt.
Lemma 2.4. Assume M < Y is proper, maximal, clean. Then Z(Bi) = (e)
for all 1 ≤ i ≤ t.
Proof. Assume that for some j, Z(Bj) 6= (e). Since M is clean and maximal,
M ·Z(Bj)Ωj = Y and since B
Ωj
j ⊃ Z(Bj)
Ωj this implies B
Ωj
j = (M ∩ B
Ωj
j )Z(Bj)
Ωj .
Since Bj is perfect we obtain:
B
Ωj
j = [B
Ωj
j , B
Ωj
j ] = [M ∩ B
Ωj
j ,M ∩ B
Ωj
j ] ⊂M
which contradicts the assumption that M is clean.
Given a subgroup M < Y we let M0 :=
⋂
y∈Y yMy
−1 denote the kernel of
the Y -action on Y/M . Also, given Ni < Bi, w ∈ Ωi, let Ni(ω) ⊂
∏t
j=1B
Ωj
j
denote the subgroup whose only non-identity component is at ω ∈ Ωi and
equals Ni.
Remark 2.5. IfM < Y is clean, π(M) = X and Ni ⊳ Bi, then M
0∩Ni(w) =
(e) for all ω ∈ Ωi. Indeed, otherwise since π(M) = X , M would contain the
normal subgroup
∏
ω∈Ωi
M0 ∩Ni(ω) which is standard.
Lemma 2.6. Assume M < Y is proper, clean, maximal and π(M) = X.
Then
M0 ∩
t∏
i=1
BΩii = (e).
Proof. If M0 ∩
∏t
i=1B
Ωi
i 6= (e), then let j and ω ∈ Ωj be such that
Nj := prω
(
M0 ∩
t∏
i=1
BΩii
)
6= e.
Then Nj ⊳ Bj and
[Nj(ω), Bj(ω)] =
[
M0 ∩
t∏
i=1
BΩii , Bj(ω)
]
⊂M0 ∩ Bj(ω).
Since by Lemma 2.4, Z(Bj) = (e) we must have [Bj(ω), Nj(ω)] 6= (e) and
hence M0 ∩ Bj(ω) 6= (e). But this contradicts the cleanness assumption by
Remark 2.5.
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Lemma 2.7. Let M < Y be clean, proper, maximal with π(M) = X. If Y1, Y2
are non-trivial normal subgroups of Y contained in
∏t
i=1B
Ωi
i such that
Y1 ∩ Y2 = (e).
Then both Y1, Y2 act transitively and regularly on Y/M . In particular t = 2
or 1.
Proof. The Y -action on Y/M is primitive and (Lemma 2.6) the subgroup∏t
i=1B
Ωi
i is faithful. The action of each of the normal subgroups Yi is transi-
tive and faithful. Since they commute each of them must act freely and hence
regularly. This implies that there cannot be three normal subgroups of Y con-
tained in
∏t
i=1B
Ωi
i such that every two of them intersect only at the identity.
Thus t ∈ {1, 2}.
Lemma 2.8. Assume that M < Y is proper, clean, maximal with π(M) = X
and assume t = 2. Then B1, B2 are non-abelian simple, M ∩ (B
Ω1
1 × B
Ω2
2 ) is
the graph of an isomorphism BΩ11 → B
Ω2
2 and
M = NY
(
M ∩ (BΩ11 ×B
Ω2
2 )
)
.
In addition, [Y :M ] ≥ |B1||Ω1| = |B2||Ω2|.
Proof. It follows from Lemma 2.7 that both BΩ11 and B
Ω2
2 act transitively and
regularly on Y/M . Hence, if (e) 6= Ni ⊳ Bi, then N
Ωi
i being non-trivial, normal
in Y , acts transitively on Y/M , hence |NΩii | = |B
Ωi
i | and Ni = Bi which shows
that Bi is simple.
Next, BΩ11 ·M = Y , hence B
Ω1
1 ×B
Ω2
2 = B
Ω1
1 · [M ∩ (B
Ω1
1 ×B
Ω2
2 )] and thus
pr2(M ∩(B
Ω1
1 ×B
Ω2
2 )) = B
Ω2
2 . Similarly, we have pr1(M ∩(B
Ω1
1 ×B
Ω2
2 )) = B
Ω1
1 .
Since we also haveM∩BΩ11 = M∩B
Ω2
2 = (e), we deduce thatM∩(B
Ω1
1 ×B
Ω2
2 )
is the graph of an isomorphism BΩ11 → B
Ω2
2 . Finally, we have
M ⊂ NY
(
M ∩ (BΩ11 × B
Ω2
2 )
)
and if equality does not hold then M ∩ (BΩ11 ×B
Ω2
2 ) is normal in Y and hence
equal to M0 ∩ (BΩ11 × B
Ω2
2 ), contradicting Lemma 2.6. The lower bound on
[Y :M ] is clear.
Next, we need to estimate the number of Y -conjugacy classes of maximal
subgroups as in Lemma 2.8.
Lemma 2.9. The number of conjugacy classes of maximal subgroups as in
Lemma 2.8 is bounded by
|Out(B1)| · |{v2 ∈ Ω2 : StabX(v2) = StabX(v1)}|
where v1 ∈ Ω1 is some chosen element.
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Proof. According to Lemma 2.8 the subgroup M is determined by an isomor-
phism F : BΩ11 → B
Ω2
2 . Since B1, B2 are non-abelian simple such an isomor-
phism is given by the following data:
(1) a bijection σ: Ω1 → Ω2
(2) for every w ∈ Ω1 an isomorphism ϕw: B1 → B2.
Where
F (f)(
(
σ(w)
)
= ϕw
(
f(w)
)
, ∀w ∈ Ω1, ∀f ∈ B
Ω1
1 .
Then M = NY (graph(F )) ⊃ graph(F ) and the condition that M surjects onto
X together with M ∩ BΩ22 = (e) gives that for every x ∈ X there is a unique
hx ∈ B
Ω2
2 with (x, e, hx) ∈M . From this we deduce
(2.1) hx1x2 = h
x2
x1 · hx2 ∀x1, x2 ∈ X.
Next, using that (x, e, hx) normalizes the graph of F , we get for all f ∈ B
Ω1
1 ,
x ∈ X ,
F (fx
−1
) = hx
−1
x F (f)
x−1(hx
−1
x )
−1.
Evaluating this at σ(ω) and for maps f ∈ BΩ11 whose support is a singleton,
we get
xσ(w) = σ(xw) ∀w ∈ Ω1, ∀x ∈ X.(2.2)
ϕxw(b) = hx
(
σ(w)
)
ϕw(b) hx
(
σ(w)
)−1
∀b ∈ B1, ∀w ∈ Ω1, ∀x ∈ X.(2.3)
Now fix a point w0 ∈ Ω1 and observe that hx(σ(w0)) ∈ Z(B2) = (e) for all
x ∈ StabX(w0). Together with (2.1) this implies that f2: Ω2 → B2 given by
f2(v) = hx2(σ(w0)) where x2 ∈ X is any element with x2 σ(w0) = v, is a well
defined map.
Rewriting the equation (2.1) in terms of f2, we get
hx = f
x
2 · f
−1
2 .
Using this one computes that the group (e, e, f2)M(e, e, f2)
−1 = M ′ corre-
sponds to an isomorphism F ′ : BΩ11 → B
Ω2
2 given by
1) the same equivariant bijection σ: Ω1 → Ω2;
2) a family of isomorphism ϕ′w: B1 → B2 which all coincide.
From this, one readily deduces the upper bound stated in Lemma 2.9.
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Now we turn to the situation where t = 1, that is Y = X ⋉ BΩ, where we
have set B = B1, Ω = Ω1. This splits into four different cases which we will
analyze now. Our standing assumption on M < Y is that it is a proper, clean,
maximal subgroup which surjects onto X .
Lemma 2.10. Assume that M ∩ BΩ 6= (e), prw(M ∩ BΩ) = B ∀ω ∈ Ω, and
that for every minimal normal subgroup N ⊳ B, M ∩ NΩ = (e). Then B is
the product of two isomorphic non-abelian simple groups. Furthermore:
M = NY (M ∩B
Ω).
Proof. We claim that every non-trivial minimal normal subgroup N ⊳ B is
a direct factor. For ω ∈ Ω let Bω := {f ∈ BΩ: f(ν) ∈ N ∀ν 6= w}. From
Y = M ·NΩ we deduce Bω = (M ∩ Bω)NΩ and hence B = prω(M ∩ Bω)N .
Observe that M ∩ Bω ⊳ M ∩ BΩ and thus prω(M ∩ Bω) ⊳ B. Finally,
prω(M ∩Bω)∩N = prω(M ∩N
Ω) = (e), which shows that N is a direct factor
of B. This implies using Lemma 2.7 that B is either non-abelian simple or
the product of two such groups. The assumption that for any minimal normal
subgroup N ⊳ B M ∩NΩ = (e) implies that B is not simple.
If the last assertion of the lemma were not to hold, then M ∩BΩ ⊳ Y and
hence M0 ∩BΩ = M ∩BΩ 6= (e), contradicting Lemma 2.6.
Lemma 2.11. Assume that M ∩ BΩ 6= (e), prω(M ∩ BΩ) = B ∀ω ∈ Ω and
there is N ⊳ B minimal normal with M ∩NΩ 6= (e). Then N is a product of
(isomorphic) non-abelian simple groups.
(a) prw(M ∩NΩ) = N for all w ∈ Ω.
(b) M = NY (M ∩NΩ).
Proof. Since NΩ acts transitively, faithfully and not regularly on Y/M , it (and
hence also N) cannot be abelian. Since N is a minimal normal subgroup of B
it is therefore a product of isomorphic non-abelian simple groups.
Next, we observe that prω(M ∩ NΩ) is normal in B = prω(M ∩ BΩ), and
being non-trivial, we deduce prw(M ∩ N
Ω) = N for all w ∈ Ω. Again, if
M ∩NΩ ⊳ Y , then M0 ∩NΩ =M ∩NΩ 6= (e) contradicting Lemma 2.6.
It follows from Lemma 2.10 and Lemma 2.11 that when t = 1,M∩BΩ 6= (e)
and prw(M ∩B
Ω) = B for all w ∈ Ω, there is a normal subgroup U ⊳ B which
is a product U = T r where T is non-abelian simple and prw(M ∩UΩ) = U for
all w ∈ Ω. Since T is non-abelian simple, this implies already the assertion
2) (a) in Proposition 2.3. Concerning 2) (b), we observe that, as usual, if
M ∩ UΩ ⊳ Y , then M0 ∩ UΩ =M ∩ UΩ 6= (e) which contradicts Lemma 2.6.
Next, we turn to assertions (c), (d) and (e) which will follow from the
following discussion. The subgroup M ∩ UΩ = M ∩ T r·Ω projects onto T for
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each w ∈ r · Ω, where we recall that r · Ω denotes the disjoint union of r
copies of Ω with corresponding X-action. Since π(M) = X , the subgroup
H = M ∩ T r·Ω is a product of subdiagonals of T r·Ω corresponding to a X-
invariant block decomposition of r · Ω. Given a partition P of r · Ω such a
subgroup H is obtained in the following way: for each x ∈ r · Ω there is an
automorphism ϕx of T and H is the direct product over A ∈ P of the diagonal
subgroup of TA given by {(
ϕx(t)
)
: t ∈ T, x ∈ A
}
.
The index of H in T r·Ω is then |T |e where e =
∑
A∈P(|A| − 1). Observe
that |A| ≥ 2 for every A ∈ P. Indeed otherwise for some ω ∈ Ω, M would
contain a T -factor of U(ω); but prω(M ∩ BΩ) = B which implies in the case
of Lemma 2.11 where U = N is a minimal normal subgroup of B, that M ⊃
N(ω) and hence since the projection of M is X it follows that M ⊃ NΩ
contradicting the assumption that M is clean. In the case of Lemma 2.10
where U = B = T 2, it follows that M would contain a T factor of B(ω).
Hence since the projection of M is X it follows that M ⊃ TΩ which since
T ⊳ B is a standard normal subgroup, contradicting the assumption that M
is clean. This implies [Y : M ] ≥ [T r·Ω : H ] ≥ |T |
r|Ω|
2 and establishes assertion
(e) of Proposition 2.3. Concerning assertion (c), just observe that we can
conjugate H by inner automorphisms of T r·Ω so that for a given partition we
have at most |Out(T )|r|Ω| conjugacy classes of such subgroups.
What remains is to estimate the number of X-invariant partitions of r ·Ω.
To this end, let Ω1,Ω2 be transitive X-sets and set Ω˜ = Ω1 ∪ Ω2.
If P is an X-invariant partition with |P| = k such that some A ∈ P
intersects Ω1 and Ω2, then P induces partitions into k pieces of Ω1 and Ω2.
Denoting by a(k,Ωi) the number of X-invariant partitions with k pieces of Ωi
and by aΩi the total number of X-invariant partitions of Ωi, we have that the
number of X-invariant partitions of Ω1 ∪ Ω2 is estimated by:
aΩ1 · aΩ2 +
min(|Ω1|,|Ω2|)∑
k=1
k a(k,Ω1) a(k,Ω2) ≤
(1 +m)aΩ1aΩ2 ≤ 2maΩ1aΩ2 ,
wherem = min(|Ω1|, |Ω2|) and the estimate in the first line uses the observation
that to obtain a partition into k pieces of Ω1 ∪Ω2 whose pieces meet both Ωi’s
one needs to partition each Ωi into k pieces and pair them. The pairing of these
pieces is determined (by the transitivity of the action on each Ωi) by choosing
for one piece of Ω1 a piece of Ω2. Applying this inequality with Ω1 = (r−1) ·Ω
and Ω2 = Ω we get ar·Ω ≤ 2|Ω| a(r−1)Ω · aΩ and by recurrence,
ar·Ω ≤
(
2|Ω|
)(r−1)
(aΩ)
r.
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Lemma 2.12. Assume that M ∩ BΩ 6= (e) and prω(M ∩ BΩ) 6= B for all
ω ∈ Ω. Then up to conjugating M , there is a subgroup e 6= T  B such that
M = NY (TΩ). We have [Y :M ] ≥ [B :T ]|Ω|.
Proof. Let Tω := prω(M ∩ BΩ), ω ∈ Ω. Then, since M surjects onto X ,
all the subgroups Tω are conjugated within B. In addition, M normalizes∏
ω Tω: indeed, it is the unique smallest subgroup of B
Ω containing M ∩ BΩ
and having direct product structure. Thus, modulo conjugating M , we may
assume Tω = T ∀ω ∈ Ω, henceM ⊂ NT (TΩ). If they were not equal, we would
have that T ⊳ B, hence fromM ·TΩ = Y we would deduce BΩ = (M∩BΩ) TΩ,
but since M ∩BΩ ⊂ TΩ this would imply T = B which is a contradiction.
The last case left is when M ∩BΩ = (e), that is, M is a section of X in Y .
Concerning this, we cannot say anything in this degree of generality, and we
will have to estimate by recurrence the number of sections of Ln in groups of
the form Ln ⋉ B
O, where O ⊂ Sn is an Ln-orbit.
3 Estimating ζL
n+1/Ln(k)
In order to prove Theorem 0.1, we will use Corollary 1.2 and show that for
some k ≥ 1,
∞∑
n=1
ζLn+1/Ln(k) < +∞.
Thus we have to estimate
ζLn+1/Ln(k) =
∑ 1
[Ln+1 :M ]k
,
where the sum is over the conjugacy classes of proper, maximal subgroupsM <
Ln+1 surjecting onto Ln. To this end, let Ms denote the maximal standard
normal subgroup of Ln+1 contained in M (see Definition 2.1). Let In be the
set of Ln orbits in Sn. Then
Ln+1/Ms = Ln ⋉
∏
v∈In
(Bv)
v ,
where Bv are quotients of L and M/Ms is a clean proper maximal subgroup
which surjects onto Ln. Let us observe first that we cannot have Bv = (e) for
all v ∈ In since otherwise Ms = L
Sn which together with the hypothesis that
M surjects onto Ln would imply that M = Ln+1 contradicting properness.
Proposition 2.3 implies then that there is either exactly one pair v1 6= v2 of
orbits for which Bv1 6= (e) and Bv2 6= (e), or there is exactly one orbit v ∈ In
for which Bv 6= (e). We are going to estimate the contribution to ζLn+1/Ln
according to the four different cases of Proposition 2.3.
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To this end we make some preliminary observations. Let
D = D1 ∪ · · · ∪Dℓ
be a partition into L-orbits. Then by hypothesis b) of Theorem 0.1 we have
(3.4) 2 ≤ |Di|, ∀1 ≤ i ≤ ℓ .
The set of Ln-orbits in Sn is given by
In = {Di1 × · · · ×Din : (i1, . . . , in) ∈ [1, ℓ]
n}.
Then there are ℓn orbits of Ln in Sn and for each such orbit O we have
(3.5) 2n ≤ |O| ≤ |D|n.
Case 1: Every pair of orbits O1 6= O2 in Sn leads possibly to a contribution
to ζLn+1/Ln(k) which is bounded by
C21 · C2 |D|
n
(22n)k
,
where C1 is the number of simple quotients of L and C2 an upper bound on
the cardinality of their outer automorphism groups; this takes into account
the estimate (3.5).
Summing over all distinct pairs of orbits, the total contribution of Case 1
is bounded by
C21 C2
(
ℓn
2
)
|D|n
(22n)k
≤ C21 C2
(ℓ2 |D|)n
(22n)k
.
Case 2: According to Proposition 2.3 2 d) we need to estimate the number
of Ln-block decompositions of an orbit O ∈ In. Observe that a Ln-block
decomposition of Di1×· · ·×Din is obtained by taking the products of L-block
decompositions in each Dij . Therefore, if C3 is an upper bound on the number
of L-block decompositions of Di, 1 ≤ i ≤ ℓ, then the number of Ln-block
decompositions in any orbit O ∈ In is bounded by C
n
3 .
Now fix O ∈ In such that BO 6= (e). Then every normal subgroup N ⊳ B
which is of the form T r for some non-abelian simple T contributes at most
|Out(T )|r|O|(2 |O|2)r−1Cr·O3 ·
(
|N |−
|O|
2
)k
to ζLn+1/Ln(k) and this can be rewritten as:
(2 |O|)r−1Cr·n3
( |Out(T )|r
|N |k/2
)|O|
.
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Now choose k large enough so that |Out(T )|
r
|N |k/2
< 1, then one sees easily that the
sum over all O ∈ In and n ≥ 1 converges, taking into account that |O| ≥ 2n.
Case 3: The total contribution of this case is easily seen to be bounded by
C6 · ℓn
(22n)k
,
where C6 bounds the number of subgroups of quotients of L.
Thus the sum over n ≥ 1 of the contributions to ζLn+1/Ln(k) in the Cases
1, 2 and 3 converge already for k large enough depending on L.
Case 4: We will treat this case by estimating the number of sections of Ln
in Ln⋉B
O. To this end let O = Di1×· · ·×Din , we define Oj := Di1×· · ·×Dij ,
1 ≤ j ≤ n so thatOn = O. Let a(j) be the number of sections of Lj in Lj⋉BOj .
Let K be an upper bound on the number of non-abelian subgroups of
L⋉BDj and C7 an upper bound on |Hom(L, L⋉BDj )| for any quotient B of
L and any 1 ≤ j ≤ ℓ.
Lemma 3.1. a(n) ≤ a(n− 1)|Din |
(
|Sn−1|
K
)
K!CK7 .
Proof. Let Ln = Ln−1⋉L
Sn−1 and represent a given section φ: Ln → Ln⋉BOn
by a map of the form
φ : Ln−1 ⋉ L
Sn−1 −→ (Ln−1 ⋉ L
Sn−1)⋉BOn
(x, y) −→
(
(x, y), f(x, y)
)
.
We analyze separately φ|Ln−1 and φ|LSn−1 .
We have φ(x, e) = ((x, e), f(x, e)) where f(x, e) is a map fromOn = On−1 ×Din
to B. Expressing that φ is a homomorphism, we see at once that for every
s ∈ Din , the map
Ln−1 −→ Ln−1 ⋉ B
On−1
x −→
(
x, f(x, e)(·, s)
)
is a section of Ln−1 in Ln−1 ⋉ B
On−1 . The number of possible restrictions to
Ln−1 of a section φ as above is therefore bounded by a(n− 1)|Din |.
Next, we analyze φ|LSn−1
LSn−1 −→ LSn−1 ⋉BOn−1×Din
y −→
(
y, f(e, y)
)
.
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Observe that LSn−1⋉BOn−1⋉Din is isomorphic to LSn−1\On−1⋉(LOn−1⋉BOn−1×Din )
and thus φ|LSn−1 is determined by
LSn−1 −→ LOn−1 ⋉BOn−1⋉Din
y −→
(
y
∣∣
On−1
, f(e, y)
)
.
Now we observe that we have an isomorphism:
LOn−1 ⋉ BOn−1×Di −→ (L⋉ BDin )On−1
(z, g) −→ (z(α), gα)α∈On−1 ,
where gα(s) := g(α, s), s ∈ Din . Thus φ|LSn−1 is determined by a collection of
homomorphisms
φα : L
Sn−1 −→ L⋉BDin ,
parametrized by α ∈ On−1. But φ|LSn−1 is the restriction of a homomorphism
defined on Ln−1⋉L
Sn−1 and the Ln−1-action on On−1 is transitive, we conclude
that φα is determined once φα0 is fixed for some α0. Thus we are left with
estimating the number of homomorphisms
LSn−1 −→ L⋉BDin .
Given such a homomorphism ϕ, for every ν ∈ Sn−1 the image of the corre-
sponding L-factor is either trivial or non-abelian (since L is perfect). Since the
images via ϕ of different factors commute, they cannot be sent to the same
non-abelian subgroup of L⋉BDin .
Thus we conclude that the number of such homomorphisms is bounded by(
|Sn−1|
K
)
·K!CK7 .
This concludes the proof of the lemma.
Lemma 3.2. a(n) ≤ C |On|8 , where C8 = C
K+1
2
7 |D|
K.
Proof. Set |Dij | = dj, the n-tuple (i1, . . . , in) being given. In Lemma 3.1
estimate (
|Sn−1|
K
)
K! ≤ |D|K(n−1) .
Iterating the inequality thus obtained:
a(n) ≤ a(n− 1)dn |D|K(n−1)CK7
we get
a(n) ≤ a(1)d2...dn |D|K·αn(CK7 )
βn,
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where
αn = d3 . . . dn + 2d4 . . . dn + · · ·+ (n− 2) dn + (n− 1)
βn = d3 . . . dn + d4 . . . dn + · · ·+ dn + 1.
Then
αn = d3 . . . dn
[
1 +
2
d3
+
3
d3 d4
+ · · ·+
n− 1
d3 . . . dn
]
≤ d3 . . . dn
[
1 +
2
2
+
3
22
+ · · ·+
n− 1
2n−2
]
≤ 4d3 . . . dn
and
βn = d3 . . . dn
[
1 +
1
d3
+
1
d3 d4
+ · · ·+
1
d3 . . . d4
]
≤ 2d3 . . . dn .
As a result we obtain
a(n) ≤
(
a(1)1/d1
)|On|(|D|K/d1 d2)4|On|(CK/d1 d27 )2|On|
≤
(
a(1)1/2|D|K CK/27
)|On|
≤
(
C
(1+K)/2
7 |D|
K
)|On|
.
Every orbit O in In contributes to ζLn+1/Ln(k) at most
C9 ·
C
|O|
8
(2|O|)k
= C9
(C8
2k
)|O|
,
where C9 is an upper bound on the number of quotient groups of L. Now
choose k ≥ 1 such that
C8
2k
< 1.
Then the sum over all orbits in In of the contribution in Case 4 is bounded by
ℓn ·
(C8
2k
)2n
and with this choice of k, the sum over n ≥ 1 converges.
This concludes the proof the theorem.
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